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t❤❡s❡ ♠❡r❡❧② ✐❧❧✉str❛t❡ t❤❡ ✐♥t✉✐t✐♦♥✱ ✇✐t❤ t❤❡ ♠❡❝❤✲
❛♥✐s❛t✐♦♥ ❜❡✐♥❣ ❞❡✜♥✐t✐✈❡✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧✲
❡❞❣❡✱ t❤✐s ✐s t❤❡ ♠♦st ❝♦♠♣r❡❤❡♥s✐✈❡ ♠❡❝❤❛♥✐s❡❞
❛❝❝♦✉♥t ♦❢ r❡❛❝t✐✈❡ ♣r♦❝❡ss❡s✳
✷✳ ❇❛❝❦❣r♦✉♥❞60
❯❚P ✐s ❢♦✉♥❞❡❞ ♦♥ t❤❡ ✐❞❡❛ ♦❢ ❡♥❝♦❞✐♥❣ ♣r♦✲
❣r❛♠ ❜❡❤❛✈✐♦✉r ❛s r❡❧❛t✐♦♥❛❧ ♣r❡❞✐❝❛t❡s ✇❤♦s❡ ✈❛r✐✲
❛❜❧❡s ❝♦rr❡s♣♦♥❞ t♦ ♦❜s❡r✈❛❜❧❡ q✉❛♥t✐t✐❡s✳ ❯♥✲
♣r✐♠❡❞ ✈❛r✐❛❜❧❡s ✭x ✮ r❡❢❡r t♦ ♦❜s❡r✈❛t✐♦♥s ❛t t❤❡
st❛rt✱ ❛♥❞ ♣r✐♠❡❞ ✈❛r✐❛❜❧❡s ✭x ′✮ t♦ ♦❜s❡r✈❛t✐♦♥s ❛t
❛ ❧❛t❡r ♣♦✐♥t ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥✳ ❚❤❡ ♦♣❡r❛t♦rs ♦❢
❛ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡ ❛r❡ t❤✉s ❡♥❝♦❞❡❞ ✐♥ ♣r❡❞✲
✐❝❛t❡ ❝❛❧❝✉❧✉s✱ ✇❤✐❝❤ ❢❛❝✐❧✐t❛t❡s ✈❡r✐✜❝❛t✐♦♥ t❤r♦✉❣❤
t❤❡♦r❡♠ ♣r♦✈✐♥❣✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ s♣❡❝✐❢② s❡✲
q✉❡♥t✐❛❧ ♣r♦❣r❛♠♠✐♥❣ ♦♣❡r❛t♦rs ❛s r❡❧❛t✐♦♥s✿
x := v , x ′ = v ∧ y ′1 = y1 ∧ · · · ∧ y
′
n = yn
P ❀ Q , ∃ x0 • P [x0/x
′] ∧ Q [x0/x ]
P 2 b 3Q , (b ∧ P) ∨ (¬b ∧Q)
❆ss✐❣♥♠❡♥t x := v st❛t❡s t❤❛t x ′ t❛❦❡s t❤❡ ✈❛❧✉❡ v
❛♥❞ ❛❧❧ ♦t❤❡r ✈❛r✐❛❜❧❡s ❛r❡ ✉♥❝❤❛♥❣❡❞✳ ❲❡ ❞❡✜♥❡
t❤❡ ❞❡❣❡♥❡r❛t❡ ❢♦r♠ I , x := x ✱ ✇❤✐❝❤ ✐❞❡♥t✐✜❡s
❛❧❧ ✈❛r✐❛❜❧❡s✳ ❙❡q✉❡♥t✐❛❧ ❝♦♠♣♦s✐t✐♦♥ P ❀ Q st❛t❡s
t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡r♠❡❞✐❛t❡ st❛t❡ x0 ♦♥ ✇❤✐❝❤65
P ❛♥❞ Q ❛❣r❡❡✳ ■❢✲t❤❡♥✲❡❧s❡ ❝♦♥❞✐t✐♦♥❛❧ P 2 b 3Q
st❛t❡s t❤❛t ✐❢ b ✐s tr✉❡✱ P ❡①❡❝✉t❡s✱ ♦t❤❡r✇✐s❡ Q ✳
❯❚P ✈❛r✐❛❜❧❡s ❝❛♥ ❡✐t❤❡r ❡♥❝♦❞❡ ♣r♦❣r❛♠ ❞❛t❛✱
♦r ❜❡❤❛✈✐♦✉r❛❧ ✐♥❢♦r♠❛t✐♦♥✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡② ❛r❡
❝❛❧❧❡❞ ♦❜s❡r✈❛t✐♦♥❛❧ ✈❛r✐❛❜❧❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡70
♠❛② ❤❛✈❡ ti , ti ′ : R≥0 t♦ r❡❝♦r❞ t❤❡ t✐♠❡ ❜❡❢♦r❡ ❛♥❞
❛❢t❡r ❡①❡❝✉t✐♦♥✳ ❚❤❡s❡ ❡①✐st t♦ ❡♥r✐❝❤ t❤❡ s❡♠❛♥t✐❝
♠♦❞❡❧ ❛♥❞ ❛r❡ ❝♦♥str❛✐♥❡❞ ❜② ❤❡❛❧t❤✐♥❡ss ❝♦♥❞✐t✐♦♥s
t❤❛t r❡str✐❝t ♣❡r♠✐ss✐❜❧❡ ❜❡❤❛✈✐♦✉rs✳ ❋♦r ❡①❛♠♣❧❡✱
✇❡ ❝❛♥ ✐♠♣♦s❡ ti ≤ ti ′ t♦ ❢♦r❜✐❞ r❡✈❡rs❡ t✐♠❡ tr❛✈❡❧✳75
❍❡❛❧t❤✐♥❡ss ❝♦♥❞✐t✐♦♥s ❛r❡ ❡①♣r❡ss❡❞ ❛s ❢✉♥❝t✐♦♥s
♦♥ ♣r❡❞✐❝❛t❡s✱ s✉❝❤ ❛s HT (P) , P ∧ ti ≤ ti ′✱ t❤❡
❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✇❤✐❝❤ ❝♦❡r❝❡s ♣r❡❞✐❝❛t❡s t♦ ❤❡❛❧t❤②
❜❡❤❛✈✐♦✉rs✳ ❲❤❡♥ s✉❝❤ ❢✉♥❝t✐♦♥s ❛r❡ ✐❞❡♠♣♦t❡♥t
❛♥❞ ♠♦♥♦t♦♥✐❝✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡✜♥❡♠❡♥t ♦r✲80
❞❡r ⊑✱ ✇❡ ❝❛♥ s❤♦✇✱ ✇✐t❤ t❤❡ ❛✐❞ ♦❢ t❤❡ ❑♥❛st❡r✲
❚❛rs❦✐ t❤❡♦r❡♠✱ t❤❛t t❤❡✐r ✐♠❛❣❡ ❢♦r♠s ❛ ❝♦♠♣❧❡t❡
❧❛tt✐❝❡✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ r❡❛s♦♥ ❛❜♦✉t r❡❝✉rs✐♦♥✳
❍❡❛❧t❤✐♥❡ss ❝♦♥❞✐t✐♦♥s ❛r❡ ♦❢t❡♥ ❜✉✐❧t ❢r♦♠ ❝♦♠✲
♣♦s✐t✐♦♥s✿ H , H1 ◦ H2 ◦ · · · ◦ Hn ✳ ■♥ t❤✐s ❝❛s❡✱85
✶https://github.com/isabelle-utp/utp-main
✐❞❡♠♣♦t❡♥❝❡ ❛♥❞ ♠♦♥♦t♦♥✐❝✐t② ♦❢ H ❝❛♥ ❜❡ s❤♦✇♥
❜② ♣r♦✈✐♥❣ t❤❛t ❡❛❝❤ H i ✐s ♠♦♥♦t♦♥✐❝ ❛♥❞ ✐❞❡♠♣♦✲
t❡♥t✱ ❛♥❞ ❡❛❝❤ H i ❛♥❞ H j ❝♦♠♠✉t❡✳ ❆ s❡t ♦❢ ❤❡❛❧t❤②
✜①❡❞✲♣♦✐♥ts✱ JH K , {P | H(P) = P}✱ ✐s ❝❛❧❧❡❞
❛ ❯❚P t❤❡♦r②✳ ❚❤❡♦r✐❡s ✐s♦❧❛t❡ t❤❡ ❛s♣❡❝ts ♦❢ ❛90
♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡✱ s✉❝❤ ❛s ❝♦♥❝✉rr❡♥❝②✱ ♦❜❥❡❝t
♦r✐❡♥t❛t✐♦♥✱ ❛♥❞ r❡❛❧✲t✐♠❡ ♣r♦❣r❛♠♠✐♥❣✳ ❚❤❡♦r✐❡s
❝❛♥ ❛❧s♦ ❜❡ ❝♦♠❜✐♥❡❞ ❜② ❝♦♠♣♦s✐♥❣ t❤❡✐r ❤❡❛❧t❤✐✲
♥❡ss ❝♦♥❞✐t✐♦♥s t♦ ❡♥❛❜❧❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s♦♣❤✐st✐✲
❝❛t❡❞ ❤❡t❡r♦❣❡♥❡♦✉s ❛♥❞ ✐♥t❡❣r❛t❡❞ ❧❛♥❣✉❛❣❡s✳95
❖✉r ❢♦❝✉s ✐s t❤❡ t❤❡♦r② ♦❢ r❡❛❝t✐✈❡ ♣r♦❝❡ss❡s✱ ✇✐t❤
❤❡❛❧t❤✐♥❡ss ❝♦♥❞✐t✐♦♥ R✱ ✇❤✐❝❤ ✇❡ ❢♦r♠❛❧✐s❡ ✐♥ ❙❡❝✲
t✐♦♥ ✺✳ ❘❡❛❝t✐✈❡ ♣r♦❣r❛♠s✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ ✐♥✐t✐❛❧
❛♥❞ ✜♥❛❧ st❛t❡s✱ ❛❧s♦ ❤❛✈❡ ✐♥t❡r♠❡❞✐❛t❡ st❛t❡s✱ ❞✉r✲
✐♥❣ ✇❤✐❝❤ t❤❡ ♣r♦❝❡ss ✇❛✐ts ❢♦r ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ ✐ts100
❡♥✈✐r♦♥♠❡♥t✳ R s♣❡❝✐✜❡s t❤❛t ♣r♦❝❡ss❡s ②✐❡❧❞ ✇❡❧❧✲
❢♦r♠❡❞ tr❛❝❡s✱ ❛♥❞ t❤❛t✱ ✇❤❡♥ ❛ ♣r♦❝❡ss ✐s ✐♥ ❛♥
✐♥t❡r♠❡❞✐❛t❡ st❛t❡✱ ❛♥② s✉❝❝❡ss♦r ♠✉st ✇❛✐t ❢♦r ✐t
t♦ t❡r♠✐♥❛t❡ ❜❡❢♦r❡ ✐♥t❡r❛❝t✐♥❣✳ ❚❤✐s t❤❡♦r② ✉s❡s
♦❜s❡r✈❛t✐♦♥❛❧ ✈❛r✐❛❜❧❡ wait t♦ ❞✐✛❡r❡♥t✐❛t❡ ✐♥t❡r♠❡✲105
❞✐❛t❡ ❢r♦♠ ✜♥❛❧ st❛t❡s✱ ❛♥❞ tr t♦ r❡❝♦r❞ t❤❡ tr❛❝❡✳
❯❚P t❤❡♦r✐❡s ❜❛s❡❞ ♦♥ r❡❛❝t✐✈❡ ♣r♦❝❡ss❡s ❤❛✈❡
❜❡❡♥ ❛♣♣❧✐❡❞ t♦ ❣✐✈❡ ❢♦r♠❛❧ s❡♠❛♥t✐❝s t♦ ❛ ✈❛r✐✲
❡t② ♦❢ ❧❛♥❣✉❛❣❡s ❬✶✱ ✶✶✱ ✶✷❪✱ ♥♦t❛❜❧② t❤❡ Circus
❢♦r♠❛❧ ♠♦❞❡❧❧✐♥❣ ❧❛♥❣✉❛❣❡ ❢❛♠✐❧② ❬✻❪✱ ✇❤✐❝❤ ❝♦♠✲110
❜✐♥❡s st❛t❡❢✉❧ ♠♦❞❡❧❧✐♥❣✱ ❝♦♥❝✉rr❡♥❝②✱ ❛♥❞ ❞✐s❝r❡t❡
t✐♠❡ ❬✼✱ ✶✸❪✳ ❆ s✐♠✐❧❛r t❤❡♦r② ❤❛s ❜❡❡♥ ✉s❡❞ ❢♦r ❛
❤②❜r✐❞ ✈❛r✐❛♥t ♦❢ ❈❙P ❬✾❪✱ ✇✐t❤ ❛ ♠♦❞✐✜❡❞ ♥♦t✐♦♥ ♦❢
tr❛❝❡✳ ❚❤♦✉❣❤ s❤❛r✐♥❣ s♦♠❡ s✐♠✐❧❛r✐t✐❡s✱ t❤❡s❡ ✈❛r✐✲
♦✉s ✈❡rs✐♦♥s ♦❢ r❡❛❝t✐✈❡ ♣r♦❝❡ss❡s ❛r❡ ❧❛r❣❡❧② ❞✐s❥♦✐♥t115
t❤❡♦r✐❡s ✇✐t❤ ❞✐st✐♥❝t ❤❡❛❧t❤✐♥❡ss ❝♦♥❞✐t✐♦♥s✳ ❖✉r
❝♦♥tr✐❜✉t✐♦♥ ✐s t♦ ✉♥✐❢② t❤❡♠ ❛❧❧ ✉♥❞❡r t❤❡ ✉♠❜r❡❧❧❛
♦❢ ❣❡♥❡r❛❧✐s❡❞ r❡❛❝t✐✈❡ ♣r♦❝❡ss❡s✳
✸✳ ❚r❛❝❡ ❆❧❣❡❜r❛
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ tr❛❝❡ ❛❧❣❡❜r❛120
t❤❛t ✉♥❞❡r♣✐♥s ♦✉r ❣❡♥❡r❛❧✐s❡❞ t❤❡♦r② ♦❢ r❡❛❝t✐✈❡
♣r♦❝❡ss❡s✳ ❲❡ ❞❡✜♥❡ tr❛❝❡s ❛s ❛♥ ❛❜str❛❝t s❡t T
❡q✉✐♣♣❡❞ ✇✐t❤ t✇♦ ♦♣❡r❛t♦rs✿ tr❛❝❡ ❝♦♥❝❛t❡♥❛t✐♦♥
̂ : T → T → T ✱ ❛♥❞ t❤❡ ❡♠♣t② tr❛❝❡ ε : T ✱ ✇❤✐❝❤
♦❜❡② t❤❡ ❢♦❧❧♦✇✐♥❣ ❛①✐♦♠s✳125
❉❡✜♥✐t✐♦♥ ✸✳✶ ✭❚r❛❝❡ ❆❧❣❡❜r❛✮✳ ❆ tr❛❝❡ ❛❧❣❡❜r❛
(T , ̂, ε) ✐s ❛ ❝❛♥❝❡❧❧❛t✐✈❡ ♠♦♥♦✐❞ s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ❛①✐♦♠s✿
x ̂(y ̂ z ) = (x ̂ y) ̂ z ✭❚❆✶✮
ε ̂ x = x ̂ ε = x ✭❚❆✷✮
x ̂ y = x ̂ z ⇒ y = z ✭❚❆✸✮
x ̂ z = y ̂ z ⇒ x = y ✭❚❆✹✮
x ̂ y = ε ⇒ x = ε ✭❚❆✺✮
✷
❆s ❡①♣❡❝t❡❞✱ ̂ ✐s ❛ss♦❝✐❛t✐✈❡ ❛♥❞ ❤❛s ❧❡❢t ❛♥❞ r✐❣❤t
✉♥✐ts✳ ❆①✐♦♠s ❚❆✸ ❛♥❞ ❚❆✹ s❤♦✇ t❤❛t ̂ ✐s ✐♥✲
❥❡❝t✐✈❡ ✐♥ ❜♦t❤ ❛r❣✉♠❡♥ts✳ ❆s ❛♥ ❛s✐❞❡✱ ❚❆✸ ❛♥❞
❚❆✹ ❤♦❧❞ ♦♥❧② ✐♥ ♠♦❞❡❧s ✇✐t❤♦✉t ✐♥✜♥✐t❡❧② ❧♦♥❣
tr❛❝❡s✱ ❛s s✉❝❤ ❛ tr❛❝❡ x ✇♦✉❧❞ ✉s✉❛❧❧② ❛♥♥✐❤✐❧❛t❡130
y ✐♥ x ̂ y ✳ ❆①✐♦♠ ❚❆✺ st❛t❡s t❤❛t t❤❡r❡ ❛r❡ ♥♦
✏♥❡❣❛t✐✈❡ tr❛❝❡s✑✱ ❛♥❞ s♦ ✐❢ x ❛♥❞ y ❝♦♥❝❛t❡♥❛t❡ t♦
ε t❤❡♥ x ✐s ε✳ ❲❡ ❝❛♥ ❛❧s♦ ♣r♦✈❡ t❤❡ ❞✉❛❧ ❧❛✇✿
x ̂ y = ε ⇒ y = ε✳ ❋r♦♠ t❤✐s ❛❧❣❡❜r❛✐❝ ❜❛s✐s✱ ✇❡
❞❡r✐✈❡ ❛ ♣r❡✜① r❡❧❛t✐♦♥ ❛♥❞ s✉❜tr❛❝t✐♦♥ ♦♣❡r❛t♦r✳135
❉❡✜♥✐t✐♦♥ ✸✳✷ ✭❚r❛❝❡ Pr❡✜① ❛♥❞ ❙✉❜tr❛❝t✐♦♥✮✳
x ≤ y ⇔ ∃ z • y = x ̂ z
y − x ,
{
ιz • y = x ̂ z ✐❢ x ≤ y
ε ♦t❤❡r✇✐s❡
❚r❛❝❡ ♣r❡✜①✱ x ≤ y ✱ r❡q✉✐r❡s t❤❛t t❤❡r❡ ❡①✐sts z
t❤❛t ❡①t❡♥❞s x t♦ ②✐❡❧❞ y ✳ ❚r❛❝❡ s✉❜tr❛❝t✐♦♥ y − x
♦❜t❛✐♥s t❤❛t tr❛❝❡ z ✇❤❡♥ x ≤ y ✱ ✉s✐♥❣ t❤❡ ❞❡✜✲
♥✐t❡ ❞❡s❝r✐♣t✐♦♥ ♦♣❡r❛t♦r ✭❘✉ss❡❧❧✬s ι✮✱ ❛♥❞ ♦t❤❡r✲
✇✐s❡ ②✐❡❧❞s t❤❡ ❡♠♣t② tr❛❝❡✳ ❚❤✐s ✐s s❧✐❣❤t❧② ❞✐❢✲140
❢❡r❡♥t ❢r♦♠ t❤❡ st❛♥❞❛r❞ ❯❚P ♦♣❡r❛t♦r✱ ✇❤✐❝❤ ✐s
❞❡✜♥❡❞ ♦♥❧② ✇❤❡♥ x ≤ y ✳ ❲❡ ❝❛♥ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✲
✐♥❣ ❧❛✇s ❛❜♦✉t tr❛❝❡ ♣r❡✜①✳
❚❤❡♦r❡♠ ✸✳✶ ✭❚r❛❝❡ Pr❡✜① ▲❛✇s✮✳ ❋♦r x , y , z : T ✱
(T ,≤) ✐s ❛ ♣❛rt✐❛❧ ♦r❞❡r ✭❚P✶✮
ε ≤ x ✭❚P✷✮
x ≤ x ̂ y ✭❚P✸✮
x ̂ y ≤ x ̂ z ⇔ y ≤ z ✭❚P✹✮
❚P✷ t❡❧❧s ✉s t❤❛t ε ✐s t❤❡ s♠❛❧❧❡st tr❛❝❡✱ ❚P✸ t❤❛t
❝♦♥❝❛t❡♥❛t✐♦♥ ❜✉✐❧❞s ❧❛r❣❡r tr❛❝❡s✱ ❛♥❞ ❚P✹ t❤❛t145
❝♦♥❝❛t❡♥❛t✐♦♥ ✐s ♠♦♥♦t♦♥✐❝ ✐♥ ✐ts r✐❣❤t ❛r❣✉♠❡♥t✳
❲❡ ❛❧s♦ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛❝❡ s✉❜tr❛❝t✐♦♥ ❧❛✇s✳
❚❤❡♦r❡♠ ✸✳✷ ✭❚r❛❝❡ ❙✉❜tr❛❝t✐♦♥ ▲❛✇s✮✳
x − ε = x ✭❚❙✶✮
ε− x = ε ✭❚❙✷✮
x − x = ε ✭❚❙✸✮
(x ̂ y)− x = y ✭❚❙✹✮
(x − y)− z = x − (y ̂ z ) ✭❚❙✺✮
(x ̂ y)− (x ̂ z ) = y − z ✭❚❙✻✮
y ≤ x ∧ x − y = ε ⇔ x = y ✭❚❙✼✮
x ≤ y ⇒ x ̂(y − x ) = y ✭❚❙✽✮
▲❛✇s ❚❙✶✲❚❙✸ r❡❧❛t❡ tr❛❝❡ s✉❜tr❛❝t✐♦♥ ❛♥❞ t❤❡
❡♠♣t② tr❛❝❡✳ ❚❙✹ s❤♦✇s t❤❛t s✉❜tr❛❝t✐♦♥ ✐♥✈❡rts
❝♦♥❝❛t❡♥❛t✐♦♥✳ ❚❙✺ s❤♦✇s t❤❛t s✉❜tr❛❝t✐♥❣ t✇♦150
tr❛❝❡s ✐s ❡q✉✐✈❛❧❡♥t t♦ s✉❜tr❛❝t✐♥❣ t❤❡✐r ❝♦♥❝❛t❡✲
♥❛t✐♦♥✳ ❚❙✻ s❤♦✇s t❤❛t s✉❜tr❛❝t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞
t♦ r❡♠♦✈❡ ❛ ❝♦♠♠♦♥ ♣r❡✜①✳ ❚❙✼ s❤♦✇s t❤❛t t✇♦
tr❛❝❡s ❛r❡ ❡q✉❛❧ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ t❤❡ ✜rst ✐s ❛ ♣r❡✜①
♦❢ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤❡② s✉❜tr❛❝t t♦ ε✳ ❚❙✽ s❤♦✇s155
t❤❛t ❛ tr❛❝❡ ❝❛♥ ❜❡ s♣❧✐t ✐♥t♦ ✐ts ♣r❡✜① ❛♥❞ s✉✣①✳
■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t st❛♥❞❛r❞ ♥♦✲
t✐♦♥s ♦❢ tr❛❝❡s ❛r❡ ♠♦❞❡❧s✳ ❆❢t❡r✇❛r❞s✱ ✐♥ ❙❡❝t✐♦♥ ✺
✇❡ ✉s❡ t❤❡ ❛❧❣❡❜r❛ t♦ ❝r❡❛t❡ t❤❡ ❣❡♥❡r❛❧✐s❡❞ t❤❡♦r②
♦❢ r❡❛❝t✐✈❡ ♣r♦❝❡ss❡s✳160
✹✳ ❚r❛❝❡ ▼♦❞❡❧s
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ t❤r❡❡ tr❛❝❡ ♠♦❞❡❧s✿
♣♦s✐t✐✈❡ r❡❛❧s✱ ✜♥✐t❡ s❡q✉❡♥❝❡s✱ ❛♥❞ t✐♠❡❞ tr❛❝❡s✳
❖t❤❡r ♠♦❞❡❧s ❛r❡ ♣♦ss✐❜❧❡❀ ❢♦r ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ ❢✉r✲
t❤❡r ❡①t❡♥❞ t✐♠❡❞ tr❛❝❡s t♦ ✏s✉♣❡r✲❞❡♥s❡ t✐♠❡✑ ❬✶✹❪165
t♦ ❡♥❝♦♠♣❛ss ♠✉❧t✐♣❧❡ ❞✐st✐♥❣✉✐s❤❡❞ ❞✐s❝r❡t❡ st❛t❡
✉♣❞❛t❡s ❛t ❛ t✐♠❡ ✐♥st❛♥t✳ ❲❡ ❧❡❛✈❡ st✉❞② ♦❢ ♦t❤❡r
♠♦❞❡❧s ❛s ❢✉t✉r❡ ✇♦r❦✳
P♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs R≥0 ❢♦r♠ ♦♥❡ ♦❢ t❤❡ s✐♠✲
♣❧❡st ♠♦❞❡❧s ♦❢ t❤❡ tr❛❝❡ ❛❧❣❡❜r❛✳170
❚❤❡♦r❡♠ ✹✳✶✳ (R≥0,+, 0) ✐s ❛ tr❛❝❡ ❛❧❣❡❜r❛✳
Pr♦♦❢✳ + ✐s ❝❧❡❛r❧② ❛ss♦❝✐❛t✐✈❡✱ ❝❛♥❝❡❧❧❛t✐✈❡✱ ❛♥❞ ❤❛s
0 ❛s ✐ts ❧❡❢t ❛♥❞ r✐❣❤t ✉♥✐t✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ + ✐s
❝♦♠♠✉t❛t✐✈❡ ❛♥❞ R≥0 ❝♦♥t❛✐♥s ♥♦ ♥❡❣❛t✐✈❡ ♥✉♠✲
❜❡rs t❤❡♥ + ❤❛s ♥♦ ❛❞❞✐t✐✈❡ ✐♥✈❡rs❡✳175
P♦s✐t✐✈❡ r❡❛❧s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡①♣r❡ss t✐♠❡❞ ♣r♦✲
❣r❛♠s ✇✐t❤ ❛ ❝❧♦❝❦ ✈❛r✐❛❜❧❡ time : R≥0 ❬✶✺❪✳ ❋✐♥✐t❡
s❡q✉❡♥❝❡s✱ ✉♥s✉r♣r✐s✐♥❣❧②✱ ❛❧s♦ ❢♦r♠ ❛ tr❛❝❡ ❛❧❣❡❜r❛✱
✇❤❡♥ ✇❡ s❡t ̂ t♦ s❡q✉❡♥❝❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ✭a✮✱ ❛♥❞
ε t♦ t❤❡ ❡♠♣t② s❡q✉❡♥❝❡ ✭〈〉✮✳180
❚❤❡♦r❡♠ ✹✳✷✳ (seq ❊✈❡♥t,a, 〈〉) ✐s ❛ tr❛❝❡ ❛❧❣❡❜r❛✳
❚❤♦✉❣❤ s✐♠♣❧❡✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ s❡q✉❡♥❝❡✲❜❛s❡❞
tr❛❝❡ ♠♦❞❡❧ ❤❛s ❜❡❡♥ s❤♦✇♥ t♦ ❜❡ s✉✣❝✐❡♥t t♦ ❝❤❛r✲
❛❝t❡r✐s❡ ❜♦t❤ ✉♥t✐♠❡❞ ❬✻❪ ❛♥❞ ❞✐s❝r❡t❡ t✐♠❡ ♠♦❞✲
❡❧❧✐♥❣ ❧❛♥❣✉❛❣❡s ❬✶✸❪✳185
❆ ♠♦r❡ ❝♦♠♣❧❡① ♠♦❞❡❧ ✐s t❤❛t ♦❢ ♣✐❡❝❡✇✐s❡ ❝♦♥✲
t✐♥✉♦✉s ❢✉♥❝t✐♦♥s✱ ❢♦r ✇❤✐❝❤ ✇❡ ❛❞♦♣t ❛♥❞ r❡✜♥❡ ❛
♠♦❞❡❧ ❝❛❧❧❡❞ t✐♠❡❞ tr❛❝❡s ✭TT✮ ❬✶✻❪✳ ❆ t✐♠❡❞ tr❛❝❡
✐s ❛ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ ♦❢ t②♣❡ R≥0 7→ Σ✱ ❢♦r ❝♦♥t✐♥✲
✉♦✉s st❛t❡ t②♣❡ Σ✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ s②st❡♠✬s190
❝♦♥t✐♥✉♦✉s ❡✈♦❧✉t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡✳
■♥ ♦✉r ♠♦❞❡❧ ✇❡ ❛❧s♦ r❡q✉✐r❡ t❤❛t t✐♠❡❞ tr❛❝❡s ❜❡
♣✐❡❝❡✇✐s❡ ❝♦♥t✐♥✉♦✉s✱ t♦ ❛❧❧♦✇ ❜♦t❤ ❝♦♥t✐♥✉♦✉s ❛♥❞
❞✐s❝r❡t❡ ✐♥❢♦r♠❛t✐♦♥✳ ❆ t✐♠❡❞ tr❛❝❡ ✐s s♣❧✐t ✐♥t♦ ❛








❋✐❣✉r❡ ✶✿ P✐❡❝❡✇✐s❡ ❝♦♥t✐♥✉♦✉s t✐♠❡❞ tr❛❝❡s
❋✐❣✉r❡ ✶✳ ❊❛❝❤ s❡❣♠❡♥t ❛❝❝♦✉♥ts ❢♦r ❛ ♣❛rt✐❝✉❧❛r
❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ st❛t❡ ✐♥t❡rs♣❡rs❡❞ ✇✐t❤ ❞✐s❝♦♥t✐♥✉✲
♦✉s ❞✐s❝r❡t❡ ❡✈❡♥ts✳ ❚❤✐s ♥❡❝❡ss✐t❛t❡s t❤❛t ✇❡ ❝❛♥
❞❡s❝r✐❜❡ ❧✐♠✐ts ❛♥❞ ❝♦♥t✐♥✉✐t②✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ✇❡
r❡q✉✐r❡ t❤❛t Σ ❜❡ ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡✱ s✉❝❤ ❛s Rn ✱200
t❤♦✉❣❤ ✐t ❝❛♥ ❛❧s♦ ❝♦♥t❛✐♥ ❞✐s❝r❡t❡ t♦♣♦❧♦❣✐❝❛❧ ✐♥❢♦r✲
♠❛t✐♦♥✱ ❧✐❦❡ ❡✈❡♥ts✳ ❈♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡s ❛r❡ ♣r♦✲
❥❡❝t✐♦♥s s✉❝❤ ❛s x : Σ → R✳ ❲❡ ❣✐✈❡ t❤❡ ❢♦r♠❛❧
♠♦❞❡❧ ❜❡❧♦✇✳





f : R≥0 7→ Σ
| ∃ t : R≥0 • dom(f ) = [0, t)




ran(I ) ⊆ [0, t ]
∧ {0, t} ⊆ ran(I )
∧
(
∀n < #I − 1 •







Roseq , {x : s❡qR | ∀n < #x − 1 • xn < xn+1}
f cont-on [m,n) , ∀ t ∈ [m,n) • lim
x→t+
f (x ) = f (t)
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❆ t✐♠❡❞ tr❛❝❡ ✐s ❛ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ f ✇✐t❤ ❞♦♠❛✐♥
[0, t)✱ ❢♦r ❡♥❞ ♣♦✐♥t t ≥ 0✳ ❲❤❡♥ t❤❡ tr❛❝❡ ✐s ♥♦♥✲
❡♠♣t② (t > 0)✱ t❤❡r❡ ❡①✐sts ❛♥ ♦r❞❡r❡❞ s❡q✉❡♥❝❡ ♦❢
✐♥st❛♥ts I ❣✐✈✐♥❣ t❤❡ ❜♦✉♥❞s ♦❢ ❡❛❝❤ s❡❣♠❡♥t✳ Roseq
✐s t❤❡ s✉❜s❡t ♦❢ ✜♥✐t❡ r❡❛❧ s❡q✉❡♥❝❡s s✉❝❤ t❤❛t ❢♦r210
❡✈❡r② ✐♥❞❡① n ✐♥ t❤❡ s❡q✉❡♥❝❡ ❧❡ss t❤❛♥ ✐ts ❧❡♥❣t❤
#x ✱ xn < xn+1✳ I ♠✉st ♥❛t✉r❛❧❧② ❝♦♥t❛✐♥ ❛t ❧❡❛st 0
❛♥❞ t ✱ ❛♥❞ ♦♥❧② ✈❛❧✉❡s ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❡①tr❡♠❡s✳
❚❤❡ t✐♠❡❞ tr❛❝❡ f ✐s r❡q✉✐r❡❞ t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ♦♥
❡❛❝❤ ✐♥t❡r✈❛❧ [In , In+1)✳ ❚❤❡ ♦♣❡r❛t♦r f cont-on A215
❞❡♥♦t❡s t❤❛t f ✐s ❝♦♥t✐♥✉♦✉s ♦♥ t❤❡ r❛♥❣❡ ❣✐✈❡♥ ❜②
A✳ ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦r❡ t✐♠❡❞ tr❛❝❡ ♦♣❡r❛✲
t♦rs✱ ✇❤✐❝❤ t❛❦❡ ✐♥s♣✐r❛t✐♦♥ ❢r♦♠ ❍ö❢♥❡r✬s ❛❧❣❡❜r❛✐❝
tr❛❥❡❝t♦r✐❡s ❬✶✼❪✳
❉❡✜♥✐t✐♦♥ ✹✳✷ ✭❚✐♠❡❞✲tr❛❝❡ ❖♣❡r❛t♦rs✮✳
❡♥❞(f ) , min(R≥0 \ dom(f ))
ε , ∅
f ̂ g , f ∪ (g ≫ ❡♥❞(f ))
❆✉①✐❧✐❛r② ❢✉♥❝t✐♦♥ f ≫ n s❤✐❢ts t❤❡ ✐♥❞✐❝❡s ♦❢ ❛ ♣❛r✲220
t✐❛❧ ❢✉♥❝t✐♦♥ f : R≥0 7→ A t♦ t❤❡ r✐❣❤t ❜② n : R≥0✱
❛♥❞ ❤❛s ❞❡✜♥✐t✐♦♥ λ x • f (x − n)✳ ❚❤❡ ♦♣❡r❛t♦r
❡♥❞(f ) ❣✐✈❡s t❤❡ ❡♥❞ t✐♠❡ ♦❢ ❛ tr❛❝❡ f : TT ❜② t❛❦✲
✐♥❣ t❤❡ ✐♥✜♠✉♠ ♦❢ t❤❡ r❡❛❧ ♥✉♠❜❡rs ❡①❝❧✉❞✐♥❣ t❤❡
❞♦♠❛✐♥ ♦❢ f ✳ ❚❤❡ ❡♠♣t② tr❛❝❡ ε ✐s t❤❡ ❡♠♣t② ❢✉♥❝✲225
t✐♦♥✳ ❋✐♥❛❧❧②✱ f ̂ g s❤✐❢ts t❤❡ ❞♦♠❛✐♥ ♦❢ g t♦ st❛rt
❛t t❤❡ ❡♥❞ ♦❢ f ✱ ❛♥❞ t❛❦❡s t❤❡ ✉♥✐♦♥✳ ❲❡ ❡st❛❜❧✐s❤
❧❛✇s ❣♦✈❡r♥✐♥❣ t❤❡s❡ tr❛❝❡ ♦♣❡r❛t♦rs✳
❚❤❡♦r❡♠ ✹✳✸ ✭❚✐♠❡❞✲tr❛❝❡ ▲❛✇s✮✳
(f ≫ m) ≫ n = f ≫ (m + n) ✭❚✶✮
(f ∪ g) ≫ n = (f ≫ n) ∪ (g ≫ n) ✭❚✷✮
❡♥❞(ε) = 0 ✭❚✸✮
❡♥❞(x ̂ y) = ❡♥❞(x ) + ❡♥❞(y) ✭❚✹✮
❚✶ s❤♦✇s t❤❛t s❤✐❢t✐♥❣ ❛ ❢✉♥❝t✐♦♥ t✇✐❝❡ ❡q✉❛t❡s t♦ ❛
s✐♥❣❧❡ s❤✐❢t ♦♥ t❤❡✐r s✉♠♠❛t✐♦♥✳ ❚✷ s❤♦✇s t❤❛t s❤✐❢t230
❞✐str✐❜✉t❡s t❤r♦✉❣❤ ❢✉♥❝t✐♦♥ ✉♥✐♦♥✳ ❚✸ s❤♦✇s t❤❛t
t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❡♠♣t② tr❛❝❡ ✐s 0✱ ❛♥❞ ❚✹ s❤♦✇s
t❤❛t t❤❡ ❧❡♥❣t❤ ♦❢ ❛ tr❛❝❡ ✐s t❤❡ s✉♠ ♦❢ ✐ts ♣❛rts✳
TT ✐s ❝❧♦s❡❞ ✉♥❞❡r tr❛❝❡ ❝♦♥❝❛t❡♥❛t✐♦♥✳
❚❤❡♦r❡♠ ✹✳✹ ✭❚r❛❝❡ ❈♦♥❝❛t❡♥❛t✐♦♥ ❈❧♦s✉r❡✮✳ ■❢235
t❤❡r❡ ❡①✐sts m,n : R≥0✱ s✉❝❤ t❤❛t dom(tt1) =
[0,m)✱ ❛♥❞ dom(tt2) = [0,n)✱ t❤❡♥ tt1, tt2 ∈ TT ✐❢✱
❛♥❞ ♦♥❧② ✐❢✱ tt1 ̂ tt2 ∈ TT✳
❚❤✐s t❤❡♦r❡♠ t❡❧❧s ✉s t❤❛t ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ t✐♠❡❞
tr❛❝❡ ❛❧✇❛②s ②✐❡❧❞s t✐♠❡❞ tr❛❝❡s✱ ♣r♦✈✐❞❡❞ ❜♦t❤ f240
❛♥❞ g ❤❛✈❡ ❛ ❝♦♥t✐❣✉♦✉s ❞♦♠❛✐♥✳ ❋✐♥❛❧❧②✱ tr❛❝❡ ❝♦♥✲
❝❛t❡♥❛t✐♦♥ s❛t✐s✜❡s ♦✉r tr❛❝❡ ❛❧❣❡❜r❛✳
❚❤❡♦r❡♠ ✹✳✺✳ (TT, ̂, ε) ❢♦r♠s ❛ tr❛❝❡ ❛❧❣❡❜r❛
Pr♦♦❢✳ ❋♦r ✐❧❧✉str❛t✐♦♥✱ ✇❡ s❤♦✇ t❤❡ ❞❡r✐✈❛t✐♦♥ ❢♦r
❛ss♦❝✐❛t✐✈✐t②✳ ❚❤❡ ♦t❤❡r ♣r♦♦❢s ❛r❡ s✐♠♣❧❡r✳
x ̂(y ̂ z )
= x ∪ ((y ∪ (z ≫ ❡♥❞(y)) ≫ ❡♥❞(x ))
= x ∪ ((y ≫ ❡♥❞(x )) ∪ (z ≫ ❡♥❞(y) ≫ ❡♥❞(x )))
= (x ∪ (y ≫ ❡♥❞(x ))) ∪ (z ≫ (❡♥❞(x ) + ❡♥❞(y)))
= (x ̂ y) ∪ (z ≫ (❡♥❞(x ) + ❡♥❞(y)))
= (x ̂ y) ∪ (z ≫ (❡♥❞(x ̂ y)))
= (x ̂ y) ̂ z
❚❤✐s ♠♦❞❡❧ ♣r♦✈✐❞❡s t❤❡ ❜❛s✐s ❢♦r ❤②❜r✐❞ ❝♦♠♣✉t❛✲245
t✐♦♥✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ t❤❡♦r② ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳
✹
✺✳ ●❡♥❡r❛❧✐s❡❞ ❘❡❛❝t✐✈❡ Pr♦❝❡ss❡s
❍❡r❡✱ ✇❡ ✉s❡ ♦✉r tr❛❝❡ ❛❧❣❡❜r❛ t♦ ♣r♦✈✐❞❡ ❛ ❣❡♥✲
❡r❛❧✐s❡❞ t❤❡♦r② ♦❢ r❡❛❝t✐✈❡ ♣r♦❝❡ss❡s✳ ❲❡ ♣r♦✈❡ t❤❡
❦❡② ❧❛✇s ♦❢ r❡❛❝t✐✈❡ ♣r♦❝❡ss❡s✱ t❤✉s ❞❡♠♦♥str❛t✐♥❣250
t❤❡ ❝♦♥s❡r✈❛t✐✈❡ ♥❛t✉r❡ ♦❢ ♦✉r t❤❡♦r②✳ ▼❛♥② ♦❢
t❤❡ ♣r♦♣❡rt✐❡s ❤❡r❡ ❤❛✈❡ ❜❡❡♥ ♣r❡✈✐♦✉s❧② ♣r♦✈❡❞ ❬✷❪✱
❜✉t ✇❡ r❡st❛t❡ ❛♥❞ ♣r♦✈❡ ♠❛♥② ♦❢ t❤❡♠ ❞✉❡ t♦ ♦✉r
✇❡❛❦❡♥✐♥❣ ♦❢ t❤❡ tr❛❝❡ ♠♦❞❡❧ ❛♥❞ s♦♠❡ s♠❛❧❧ ❞✐❢✲
❢❡r❡♥❝❡s✳ ❆♥♦t❤❡r ♥♦✈❡❧t② ✐s t❤❛t ❛❧❧ t❤❡s❡ t❤❡♦r❡♠s255
❤❛✈❡ ❜❡❡♥ ♠❡❝❤❛♥✐s❡❞ ✐♥ ♦✉r ■s❛❜❡❧❧❡✴❯❚P r❡♣♦s✐✲
t♦r②✳ ❋♦❧❧♦✇✐♥❣ ❬✶✱ ✷❪ ✇❡ ❞❡✜♥❡ t❤❡ t❤❡♦r② ✐♥ t❡r♠s
♦❢ t✇♦ ♣❛✐rs ♦❢ ♦❜s❡r✈❛t✐♦♥❛❧ ✈❛r✐❛❜❧❡s✿
• wait ,wait ′ : B ✕ ❞❡s❝r✐❜❡ ✇❤❡♥ t❤❡ ♣r❡✈✐♦✉s ♦r
❝✉rr❡♥t ♣r♦❝❡ss✱ r❡s♣❡❝t✐✈❡❧②✱ ✐s ✐♥ ❛♥ ✐♥t❡r♠❡✲260
❞✐❛t❡ st❛t❡❀
• tr , tr ′ : T ✕ t❤❡ tr❛❝❡ t❤❛t ♦❝❝✉rr❡❞ ♣r✐♦r t♦
❛♥❞ ❛❢t❡r ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t ♣r♦❝❡ss ✐♥
t❡r♠s ♦❢ ❛ tr❛❝❡ ❛❧❣❡❜r❛ (T , ̂, ε)✳
❖✉r t❤❡♦r② ❞♦❡s ♥♦t ❝♦♥t❛✐♥ r❡❢✉s❛❧ ✈❛r✐❛❜❧❡s265
ref , ref ′✱ ❛s t❤❡s❡ ❛r❡ ♥♦t ❛❧✇❛②s ♥❡❝❡ss❛r② t♦ ❞❡✲
s❝r✐❜❡ r❡❛❝t✐✈❡ ♣r♦❝❡ss❡s ❬✶✸❪✳ ❲❡ ❞❡s❝r✐❜❡ t❤r❡❡
❤❡❛❧t❤✐♥❡ss ❝♦♥❞✐t✐♦♥s ♥❛♠❡❧② R1✱ R2c ✱ ❛♥❞ R3✳ R1
❛♥❞ R3 ❛r❡ ❛❧r❡❛❞② ♣r❡s❡♥t❡❞ ✐♥ ❬✶❪❀ ❢♦r t❤❡✐r R2 ✇❡
❤❛✈❡ ❛ ❞✐✛❡r❡♥t ❢♦r♠✉❧❛t✐♦♥✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ R2c ✳270
❉❡✜♥✐t✐♦♥ ✺✳✶ ✭❘❡❛❝t✐✈❡ ❍❡❛❧t❤✐♥❡ss ❈♦♥❞✐t✐♦♥s✮✳
R1(P) , P ∧ tr ≤ tr ′
R2c(P) , P [ε, tr
′ − tr/tr , tr ′]2 tr ≤ tr ′ 3P
R3(P) , I 2wait 3P
R , R3 ◦ R2c ◦ R1
R1 st❛t❡s t❤❛t tr ✐s ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣❀ ♣r♦✲
❝❡ss❡s ❛r❡ ♥♦t ♣❡r♠✐tt❡❞ t♦ ✉♥❞♦ ♣❛st ❡✈❡♥ts✳ R2c
st❛t❡s t❤❛t ❛ ♣r♦❝❡ss ♠✉st ❜❡ ❤✐st♦r② ✐♥❞❡♣❡♥❞❡♥t✿
t❤❡ ♦♥❧② ♣❛rt ♦❢ t❤❡ tr❛❝❡ ✐t ♠❛② ❝♦♥str❛✐♥ ✐s tr ′−tr ✱
t❤❛t ✐s✱ t❤❡ ♣♦rt✐♦♥ s✐♥❝❡ t❤❡ ♣r❡✈✐♦✉s ♦❜s❡r✈❛t✐♦♥275
tr ✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐❢ t❤❡ ❤✐st♦r② ✐s ❞❡❧❡t❡❞✱ ❜② s✉❜st✐✲
t✉t✐♥❣ ε ❢♦r tr ❛♥❞ tr ′−tr ❢♦r tr ′✱ t❤❡♥ t❤❡ ❜❡❤❛✈✐♦✉r
♦❢ t❤❡ ♣r♦❝❡ss ✐s ✉♥❝❤❛♥❣❡❞✳ ❖✉r ❢♦r♠✉❧❛t✐♦♥ ♦❢
R2c ❞❡❧❡t❡s t❤❡ ❤✐st♦r② ♦♥❧② ✇❤❡♥ tr ≤ tr
′✱ ✇❤✐❝❤
❡♥s✉r❡s t❤❛t R2c ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ R1✱ ❛♥❞ t❤✉s280
❝♦♠♠✉t❡s ✇✐t❤ ✐t✳ ❋✐♥❛❧❧②✱ R3 st❛t❡s t❤❛t ✐❢ ❛ ♣r✐♦r
♣r♦❝❡ss ✐s ✐♥t❡r♠❡❞✐❛t❡ ✭wait ′✮ t❤❡♥ t❤❡ ❝✉rr❡♥t ♣r♦✲
❝❡ss ♠✉st ✐❞❡♥t✐❢② ❛❧❧ ✈❛r✐❛❜❧❡s✳
❲❡ ❝♦♠♣♦s❡ t❤❡ t❤r❡❡ t♦ ②✐❡❧❞ R✱ t❤❡ ♦✈❡r❛❧❧
❤❡❛❧t❤✐♥❡ss ❝♦♥❞✐t✐♦♥ ♦❢ r❡❛❝t✐✈❡ ♣r♦❝❡ss❡s✳ ❆♥ ❡①✲
❛♠♣❧❡ R ❤❡❛❧t❤② ♣r❡❞✐❝❛t❡ ✐s
R3(tr ′ = tr ̂〈a〉 ∧ v ′ = v)
✇❤✐❝❤ ❡①t❡♥❞s t❤❡ tr❛❝❡ ✇✐t❤ ❛ s✐♥❣❧❡ ❡✈❡♥t a ❛♥❞
❧❡❛✈❡s ♣r♦❣r❛♠ ✈❛r✐❛❜❧❡ v ✉♥❝❤❛♥❣❡❞✳ ❲❡ s❤♦✇285
t❤❛t R ✐s ✐❞❡♠♣♦t❡♥t ❛♥❞ ♠♦♥♦t♦♥✐❝✳
❚❤❡♦r❡♠ ✺✳✶ ✭R ✐❞❡♠♣♦t❡♥❝❡ ❛♥❞ ♠♦♥♦t♦♥✐❝✐t②✮✳
R = R ◦ R ❛♥❞ P ⊑ Q ⇒ R(P) ⊑ R(Q)
❆ ❝♦r♦❧❧❛r② ♦❢ ❚❤❡♦r❡♠ ✺✳✶ ✐s t❤❛t r❡❛❝t✐✈❡ ♣r♦❝❡ss❡s
❢♦r♠ ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡✳
❚❤❡♦r❡♠ ✺✳✷✳ ❘❡❛❝t✐✈❡ ♣r♦❝❡ss❡s ❢♦r♠ ❛ ❝♦♠♣❧❡t❡
❧❛tt✐❝❡ ♦r❞❡r❡❞ ❜② ⊑✱ ✇✐t❤ ✐♥✜♠✉♠
d
❘ A ❛♥❞ s✉♣r❡✲290
♠✉♠
⊔
❘ A✱ ❢♦r A ⊆ JRK✳
❚❤✐s✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ♣r♦✈✐❞❡s ✉s ✇✐t❤ s♣❡❝✐✜❝❛t✐♦♥
❛♥❞ r❡❛s♦♥✐♥❣ ❢❛❝✐❧✐t✐❡s ❛❜♦✉t r❡❝✉rs✐✈❡ r❡❛❝t✐✈❡ ♣r♦✲
❝❡ss❡s ✉s✐♥❣ t❤❡ ✜①❡❞✲♣♦✐♥t ♦♣❡r❛t♦rs✳
❍❛✈✐♥❣ st❛t❡❞ t❤❡ ❧❛tt✐❝❡ t❤❡♦r❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢295
r❡❛❝t✐✈❡ ♣r♦❝❡ss❡s✱ ✇❡ ♠♦✈❡ ♦♥t♦ t❤❡ r❡❧❛t✐♦♥❛❧ ♦♣✲
❡r❛t♦rs✳ ■♥t✉✐t✐✈❡❧②✱ R1 ❛♥❞ R2c t♦❣❡t❤❡r ❡♥s✉r❡
t❤❛t t❤❡ r❡❛❝t✐✈❡ ❜❡❤❛✈✐♦✉r ♦❢ ❛ ♣r♦❝❡ss ❝♦♥tr✐❜✉t❡s
❛♥ ❡①t❡♥s✐♦♥ t t♦ t❤❡ tr❛❝❡✳
❚❤❡♦r❡♠ ✺✳✸ ✭R1✲R2c tr❛❝❡ ❝♦♥tr✐❜✉t✐♦♥✮✳
R1(R2c(P)) = (∃ t • P [ε, t/tr , tr
′] ∧ tr ′ = tr ̂ t)
❚❤✐s s❤♦✇s t❤❛t ❢♦r ❛♥② R1✲R2c ♣r♦❝❡ss t❤❡r❡ ❡①✲300
✐sts ❛ tr❛❝❡ ❡①t❡♥s✐♦♥ t r❡❝♦r❞✐♥❣ ✐ts ❜❡❤❛✈✐♦✉r✱ ❛♥❞
t❤❛t tr ′ ✐s t❤❡ ♣r✐♦r ❤✐st♦r② ❛♣♣❡♥❞❡❞ ✇✐t❤ t❤✐s ❡①✲
t❡♥s✐♦♥✳ ❆s✐❞❡ ❢r♦♠ ✐❧❧✉str❛t✐♥❣ R1 ❛♥❞ R2c ✱ t❤✐s
❛❧❧♦✇s ✉s t♦ r❡st❛t❡ ❛ ♣r♦❝❡ss ❝♦♥t❛✐♥✐♥❣ tr ❛♥❞ tr ′
t♦ ♦♥❡ ✇✐t❤ ♦♥❧② t❤❡ ❡①t❡♥s✐♦♥ ❧♦❣✐❝❛❧ ✈❛r✐❛❜❧❡ t ✱305
✇❤✐❝❤ ♣r♦✈✐❞❡s ❛ ♠♦r❡ ♥❛t✉r❛❧ ❡♥tr② ♣♦✐♥t ❢♦r r❡❛✲
s♦♥✐♥❣ ❛❜♦✉t t❤❡ tr❛❝❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❛ ♣r♦❝❡ss✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝❛♥ ♣r♦✈❡ ❛ r❡❧❛t❡❞ ❧❛✇ ❛❜♦✉t s❡✲
q✉❡♥t✐❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ r❡❛❝t✐✈❡ ♣r♦❝❡ss❡s✳
❚❤❡♦r❡♠ ✺✳✹ ✭R1✲R2c s❡q✉❡♥t✐❛❧✮✳ ■❢ P ❛♥❞ Q
❛r❡ R1✲R2c ❤❡❛❧t❤②✱ t❤❡♥
P ❀ Q = ∃ t1, t2 • ((P [ε, t1/tr , tr
′] ❀
Q [ε, t2/tr , tr
′]) ∧
tr ′ = tr ̂ t1 ̂ t2)
Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✺✳✸ ❛♥❞ r❡❧❛t✐♦♥❛❧ ❝❛❧❝✉❧✉s✳310
✺
❚❤✐s t❤❡♦r❡♠ s❤♦✇s t❤❛t t✇♦ s❡q✉❡♥t✐❛❧❧② ❝♦♠♣♦s❡❞
♣r♦❝❡ss❡s ❤❛✈❡ t❤❡✐r ♦✇♥ ✉♥✐q✉❡ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡
tr❛❝❡ ✇✐t❤♦✉t s❤❛r✐♥❣ ♦r ✐♥t❡r❢❡r❡♥❝❡✳ ❲❤❡♥ ❛♣✲
♣❧✐❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛ t✐♠❡❞ tr❛❝❡✱ ❢♦r ❡①❛♠♣❧❡✱
✐t ❛❧❧♦✇s ✉s t♦ s✉❜❞✐✈✐❞❡ t❤❡ tr❛❥❡❝t♦r② ✐♥t♦ s❡❣✲315
♠❡♥ts✱ ✇❤✐❝❤ ✇❡ ❝❛♥ r❡❛s♦♥ ❛❜♦✉t s❡♣❛r❛t❡❧②✳ ❚❤✐s
t❤❡♦r❡♠ ❛❧❧♦✇s ✉s t♦ ❞❡♠♦♥str❛t❡ ❝❧♦s✉r❡ ♦❢ R1✲R2c
♣r❡❞✐❝❛t❡s ✉♥❞❡r s❡q✉❡♥t✐❛❧ ❝♦♠♣♦s✐t✐♦♥✳
❚❤❡♦r❡♠ ✺✳✺ ✭R1✲R2c s❡q✉❡♥t✐❛❧ ❝❧♦s✉r❡✮✳ ■❢ P
❛♥❞ Q ❛r❡ ❜♦t❤ R1 ❛♥❞ R2c ❤❡❛❧t❤② t❤❡♥
R1(R2c(P ❀ Q)) = P ❀ Q
❈❧♦s✉r❡ ♦❢ R3 ❤❛s ♣r❡✈✐♦✉s❧② ❜❡❡♥ s❤♦✇♥ ❬✷❪ ❛♥❞
✇❡ ❤❛✈❡ ♠❡❝❤❛♥✐s❡❞ t❤✐s ♣r♦♦❢✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦320
♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳
❚❤❡♦r❡♠ ✺✳✻ ✭R s❡q✉❡♥t✐❛❧ ❝❧♦s✉r❡✮✳ ■❢ P ❛♥❞ Q
❛r❡ ❜♦t❤ R ❤❡❛❧t❤② t❤❡♥ P ❀ Q ✐s R ❤❡❛❧t❤②✳
❲❡ ❤❛✈❡ ♥♦✇ s❤♦✇♥ t❤❛t r❡❛❝t✐✈❡ ♣r♦❝❡ss❡s ❛r❡
❝❧♦s❡❞ ✉♥❞❡r t❤❡ ❧❛tt✐❝❡ ❛♥❞ r❡❧❛t✐♦♥❛❧ ♦♣❡r❛t♦rs✱325
❛♥❞ ❝❛♥ ✉s❡ t❤❡s❡ r❡s✉❧ts t♦ ❞❡♠♦♥str❛t❡ t❤❡ ❛❧❣❡✲
❜r❛✐❝ ♥❛t✉r❡ ♦❢ t❤❡ t❤❡♦r②✱ ❜② s❤♦✇✐♥❣ t❤❛t r❡❛❝t✐✈❡
♣r♦❝❡ss❡s ❢♦r♠ ❛ ✇❡❛❦ ✉♥✐t❛❧ q✉❛♥t❛❧❡✳
❚❤❡♦r❡♠ ✺✳✼✳ R ♣r❡❞✐❝❛t❡s ❢♦r♠ ❛ ✇❡❛❦ ✉♥✐t❛❧




❘ A) = (
l
❘Q ∈ A • P ❀ Q) ✭◗✶✮
(
l
❘ A) ❀ Q = (
l
❘ P ∈ A • P ❀ Q) ✭◗✷✮
P ❀ I = I ❀ P = P ✭◗✸✮
Pr♦♦❢✳ ❙✐♥❝❡
d
❘ A = R(
d
A) ❛♥❞ s❡q✉❡♥t✐❛❧ ❝♦♠✲
♣♦s✐t✐♦♥ ❧❡❢t ❛♥❞ r✐❣❤t ❞✐str✐❜✉t❡s t❤r♦✉❣❤
d
✐t s✉❢✲330
✜❝❡s✱ t♦ s❤♦✇ t❤❛t R ✐s ❝♦♥t✐♥✉♦✉s✿ ✐t ❞✐str✐❜✉t❡s
t❤r♦✉❣❤ ♥♦♥✲❡♠♣t② ✐♥✜♠❛✳
◗✶ ❛♥❞ ◗✷ ❛r❡ t❤❡ q✉❛♥t❛❧❡ ❧❛✇s✱ ✇❤✐❝❤ st❛t❡ t❤❛t
s❡q✉❡♥t✐❛❧ ❝♦♠♣♦s✐t✐♦♥ ❞✐str✐❜✉t❡s t❤r♦✉❣❤ ✐♥✜♠❛✳
❚❤❡ r❡q✉✐r❡♠❡♥t ♦❢ ♥♦♥✲❡♠♣t✐♥❡ss ✐s ✇❤② t❤❡ q✉❛♥✲335
t❛❧❡ ✐s ❝❛❧❧❡❞ ✏✇❡❛❦✑✳ ❋✐♥❛❧❧②✱ ◗✸ ♠❛❦❡s t❤❡ ✇❡❛❦
q✉❛♥t❛❧❡ ✉♥✐t❛❧✳ ❯♥✐t❛❧ q✉❛♥t❛❧❡s ❛r❡ ❛♥ ✐♠♣♦rt❛♥t
❛❧❣❡❜r❛✐❝ str✉❝t✉r❡ t❤❛t ❣✐✈❡ r✐s❡ t♦ ❑❧❡❡♥❡ ❛❧❣❡✲
❜r❛s ❬✶✽❪✳ ❚❤❡② ❛✉❣♠❡♥t ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ✇✐t❤
t❤❡ ❧❛✇s ❛❜♦✈❡✱ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✇❤✐❝❤ ♣r♦✈✐❞❡s340
❛ ♠✐♥✐♠❛❧ ❛❧❣❡❜r❛✐❝ ❢♦✉♥❞❛t✐♦♥ ❢♦r s✉❜st❛♥t✐❛t✐♥❣
t❤❡ ♣♦✐♥t✲❢r❡❡ ❧❛✇s ♦❢ s❡q✉❡♥t✐❛❧ ♣r♦❣r❛♠♠✐♥❣ ❬✶✽❪✳
❖✉r ✜♥❛❧ r❡s✉❧t ✐s ❝❧♦s✉r❡ ✉♥❞❡r ♣❛r❛❧❧❡❧ ❝♦♠♣♦s✐✲
t✐♦♥✳ ❚❤❡ ❯❚P ♣r♦✈✐❞❡s ❛♥ ♦♣❡r❛t♦r ❝❛❧❧❡❞ ♣❛r❛❧❧❡❧✲
❜②✲♠❡r❣❡ ❬✶❪✱ P ‖M Q ✱ ✇❤❡r❡❜② t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢345
♣r♦❝❡ss❡s P ❛♥❞ Q s❡♣❛r❛t❡s t❤❡✐r st❛t❡s✱ ❝❛❧❝✉❧❛t❡s
t❤❡✐r ✐♥❞❡♣❡♥❞❡♥t ❝♦♥❝✉rr❡♥t ❜❡❤❛✈✐♦✉rs✱ ❛♥❞ t❤❡♥
♠❡r❣❡s t❤❡ r❡s✉❧ts✳ ❚❤❡ ♦♣❡r❛t♦r ✐s ♣❛r❛♠❡tr✐❝ ♦✈❡r
♠❡r❣❡ ♣r❡❞✐❝❛t❡ M t❤❛t s♣❡❝✐✜❡s ❤♦✇ s②♥❝❤r♦♥✐s❛✲
t✐♦♥ ✐s ♣❡r❢♦r♠❡❞✳ ❉✐✛❡r❡♥t ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡350
s❡♠❛♥t✐❝s r❡q✉✐r❡ ❢♦r♠❛t✐♦♥ ♦❢ ❛ ❜❡s♣♦❦❡ ♠❡r❣❡
♣r❡❞✐❝❛t❡ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡✐r ❝♦♥❝✉rr❡♥❝② s❝❤❡♠❡✳
❲❡ ❣✐✈❡ ❛ s❧✐❣❤t❧② s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❯❚P
❞❡✜♥✐t✐♦♥✱ ✇❤✐❝❤ ✐s ♥❡✈❡rt❤❡❧❡ss ❡q✉✐✈❛❧❡♥t✳
❉❡✜♥✐t✐♦♥ ✺✳✷ ✭P❛r❛❧❧❡❧✲❜②✲♠❡r❣❡✮✳
P ‖M Q , (⌈P⌉0 ∧ ⌈Q⌉1 ∧ v
′ = v) ❀ M
❖♣❡r❛t♦r ⌈P⌉n ❛✉❣♠❡♥ts t❤❡ ❛❢t❡r ✈❛r✐❛❜❧❡s ♦❢ P
✇✐t❤ ❛♥ ✐♥❞❡①❀ ❢♦r ❡①❛♠♣❧❡✿
⌈x ′ = 7 · y⌉0 = (0.x
′ = 7 · y)
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✈❛r✐❛❜❧❡s ✭v✮ t♦ ❛❢t❡r ✈❛r✐❛❜❧❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✉s✱
M ❤❛s ❛❝❝❡ss t♦ t❤❡ st❛t❡ ♦❢ ❡❛❝❤ ✈❛r✐❛❜❧❡ ❜❡❢♦r❡
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R2m(M ) , (P [ε, tr
′−tr , 0.tr−tr , 1.tr−tr
/tr , tr ′, 0.tr , 1.tr ])2 tr ≤ tr ′ 3P
R2m ❤❛s t❤❡ s❛♠❡ ❢♦r♠ ❛s R2c ❡①❝❡♣t t❤❛t ✐t370
❞❡❧❡t❡s t❤❡ ❤✐st♦r② ♦❢ t❤r❡❡ ❡①t❛♥t tr❛❝❡s✱ tr ′✱ 0.tr ✱
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